In the paper Ishikawa et al., Scientific Reports 6, 23160 (2016), it was told that the value of Coulomb pseudopotential (µ ⋆ ) for the superconducting state in the H5S2 compound ([TC ] exp = 36 K and p = 112 GPa) is within the range from 0.13 do 0.17. The results obtained by us give the limitation from below to µ ⋆ that is equal to 0.402 (µ ⋆ = 0.589, if we consider the first order vertex corrections to the electron-phonon interaction). Presented data mean that the properties of superconducting phase in the H5S2 compound can be understood within the classical framework of Eliashberg formalism only at the phenomenological level (µ ⋆ is the parameter of matching the theory to the experimental data). Therefore, the deepened and much more complex analysis of discussed issue is required.
In the presented paper, we analyze the thermodynamic properties of superconducting state in the lowtemperature phase of sulfur-hydrogen system (H 5 S 2 ), in which asymmetric hydrogen bonds are formed between H 2 S and H 3 S molecules [23] . This phase is thermodynamically stable in the narrow pressure range from 110 GPa to 123 GPa. As the part of the analysis, we will prove that for the pressure at 112 GPa, the superconducting state is characterized by the anomalously high value of µ ⋆ (also after taking into account the vertex corrections to the electron-phonon interaction). Above result is not consistent with the result obtained by Ishikawa et al. [23] , where µ ⋆ ∈ 0.13, 0.17 . This means that the full understanding of the properties of superconducting phase in H 5 S 2 is not possible in the framework of classical Eliashberg formalism. In the light of data obtained by us, the results contained in the paper [23] should be treated as the first attempt to understand the complicated mech-
In the case when A = 1, the Eliashberg set was generalized to include the lowest-order vertex correctionscheme VCEE (Vertex Corrected Eliashberg Equations) [24] . On the other hand (A = 0), we get the model without the vertex corrections: the so-called CEE scheme (Classical Eliashberg Equations) [1] . Note that in the considered equations, the momentum dependence of electron-phonon matrix elements has been neglected, which is equivalent to using the local approximation.
The individual symbols in equations (1)- (2) have the following meaning: ϕ n = ϕ (iω n ) is the order parameter function and Z n = Z (iω n ) represents the wave function renormalization factor. The quantity Z n describes the renormalization of the thermodynamic parameters of superconducting state by the electron-phonon interaction [3] . This is the typical strong-coupling effect, because Z n=1 in the CEE scheme is expressed by the formula: Z n=1 ∼ 1 + λ, where λ denotes the electron-phonon coupling constant: λ = 2 ωD 0 dωα 2 F (ω) /ω, and ω D is the Debye frequency. The order parameter is defined as the ratio: ∆ n = φ n /Z n . Symbol ω n is the Matsubara frequency: ω n = πk B T (2n + 1), while n is the integer. Let us emphasize that the dependence of order parameter on the Matsubara frequency means that the Eliashberg formalism explicitly takes into account the retarding nature of electron-phonon interaction. In the present paper, it was assumed M = 1100, which allowed to achieve convergent results in the range from T 0 = 5 K do T C (see also [25] ).
The function µ ⋆ n modeling the depairing correlations has the following form:
The Heaviside function is given by θ (x) and ω c represents the cut-off frequency. By default, it is assumed that ω c ∈ 3ω D , 10ω D .
The electron-phonon pairing kernel is expressed by the formula:
(3) The higher order corrections are not included in equation (3). The full formalism demands taking into consideration the additional terms related to the phononphonon interactions and the non-linear coupling between the electrons and the phonons. This has been discussed by Kresin et al. in the paper [26] . The Eliashberg spectral function is defined as: with:
where ρ (ε F ) denotes the density of states at the Fermi energy (ε F ), ω qν determines the values of phonon energies, and γ qν represents the phonon linewidth. The electron-phonon coefficients are given by g qν (k, i, j) and ε k,i is the electron band energy. For the purpose of this paper, the spectral function obtained by Ishikawa et al. in the harmonic approximation has been taken into account (p ∼ 112 GPa) [23] . The Eliashberg functions were calculated in the framework of Quantum Espresso code [7, 8] .
III. RESULTS
A. The pseudopotential parameter Fig. 1 (a) presents the experimental dependence of critical temperature on the pressure for the selected sulfur-hydrogen systems [11, 29] . It is worth to notice that H 5 S 2 is thermodynamically stable in the fairly narrow pressure range (110 GPa -123 GPa). Especially at pressure 110 GPa there is the transformation:
On the other hand, breakup H 5 S 2 for p = 123 GPa takes place according to the scheme:
In the case of H 5 S 2 compound, the measuring points were used to determine the curve T C (p). We used the (17)). The red spheres were obtained in the BCS scheme assuming that: 2∆n=1 (0) /kBTC = 3.53 [27, 28] .
approximating function, matching the polynomial with the least squares method, respectively. On this basis, the estimated value of critical temperature for the pressure at 112 GPa is equal to 36 K.
With value of T C , we have calculated the pseudopotential parameter. To this end, we used the equation: [∆ n=1 (µ ⋆ )] T =TC = 0 [30] . We obtained the very high value of µ ⋆ in both considered approaches: p=29.7GPa CEE = 0.36, while ω D = 82.7 meV [32] . Interestingly, for H 3 S compound under the pressure at 150 GPa, the value of Coulomb pseudopotential is low: 0.123 [16] . However, after increasing the pressure by 50 GPa, this value is clearly increasing: µ ⋆ ∼ 0.2 [19] . In the case of another compound (PH 3 ), for which we also know the experimental critical temperature (T C = 81 K), the much lower value of Coulomb pseudopotential was obtained:
p=200GPa CEE = 0.088 [19] . It is also worth mentioning the paper [33] , where the properties of superconducting state were studied in the SiH 4 compound for µ ⋆ ∈< 0.1, 0.3 >. The result was the decreasing critical temperature range from 51.7 K to 20.6 K, what in relation to the results contained in the experimental work [34] suggests µ ⋆ ∼ 0.3. However, it should be remembered that the results presented in the publication [34] are very much undermined [35] , while it is argued that the experimental data does not refer to SiH 4 but to the PtH compound (the hydrogenated electrodes of measuring system).
Considering the facts presented above, it is easy to see that the H 5 S 2 compound, even in the group of high-pressure superconductors, has the unusually high value of Coulomb pseudopotential. This is the feature of H 5 S 2 system, because values of µ ⋆ cannot be reduced by selecting another acceptable cut-off frequency. On the contrary, increasing ω c leads to the absurdly large increase in the value of Coulomb pseudopotential:
The dependence courses of ∆ n=1 on µ ⋆ , characterizing the situation discussed by us, are collected in Fig. 1 (b) .
It should be emphasized that value of µ ⋆ calculated by us for the CEE case (0.402) significantly exceeds the value of Coulomb pseudopotential estimated in the paper [23] , where µ ⋆ ∈ 0.13, 0.17 . This result is related to the fact that in the publication [23] the critical temperature was calculated using the simplified Allen-Dynes formula (f 1 = f 2 = 1) [36] , which significantly understates µ ⋆ , for values greater than 0.1 [30] . This is due to the approximations used in the derivation of Allen-Dynes formula. Among other things, the analytical approach does not take into account the effects of retardation and the impact on the result of the cut-off frequency. Below is the explicit form of Allen-Dynes formula:
where:
Parameters Λ 1 and Λ 2 were calculated using the formulas:
The second moment is given by the expression:
The quantity ω ln stands for the phonon logarithmic frequency:
For the H 5 S 2 compound, we have obtained: ω 2 = 112.88 meV and ω ln = 77.37 meV. Assuming f 1 = f 2 = 1, we reproduce the result contained in [23] From the physical point of view, the values of Coulomb pseudopotential calculated in the framework of full Eliashberg formalism are so high that µ ⋆ cannot be associated only with the depairing Coulomb correlations. In principle, it should be treated only as the parameter to fit the model to the experimental data. Of course, there can be very much reasons that cause anomalously high value of µ ⋆ . The authors of paper [23] pay special attention to the role of anharmonic effects. It should be emphasized that even if it were this way, the anharmonic nature of phonons should be taken into account not only in the Eliashberg function, but also in the structure of Eliashberg equations itself (this fact is usually omitted in the analysis scheme). In our opinion, the probable cause may also be non-inclusion in the Fröhlich Hamiltonian [37] the non-linear terms of electron-phonon interaction [26] or possibly anomalous electron-phonon interactions related to the dependence of full electron Hamiltonian parameters of system on the distance between the atoms of crystal lattice [38, 39] .
The value of Coulomb pseudopotential observed in H 5 S 2 compound is so high that it is worth to confront it with other microscopic parameters obtained from ab initio calculations: (ε F and ω ln ) [23] . The most advanced formula on the Coulomb pseudopotential takes the following form [6] :
where a = 1.38 and α ≃ 0.1. Symbol µ denotes product of the electron density of states at the Fermi level ρ (ε F ) and the Coulomb potential U > 0. Note that the expression (13) is the non-trivial generalization of MorelAnderson formula [5] :
In particular, with the help of equation (13), it can be proven that the retardation effects associated with the electron-phonon interaction reduce the original value of µ to the value of µ ⋆ , but to the much lesser extent than expected by Morel and Anderson.
Using the formula (13), it is easy to show that the anomalously high value of µ ⋆ cannot result only from the strong electron depairing correlations. Namely in the limit µ → +∞, we obtain: [µ ⋆ ] max = 1/ ln (αε F /ω ln ) = 0.295. It is worth noting that the Morel-Anderson model is completely unsuitable for the analysis, because for µ ⋆ = 0.402 we get the negative (non-physical) value of µ = −0.48.
The value of Coulomb pseudopotential can also be tried to be estimated using the phenomenological Bennemann-Garland formula [40] : For the H 5 S 2 compound subjected to the action of pressure at 112 GPa, we obtain µ ⋆ BG = 0.23, which also proves the breakdown of the classical interpretation of µ ⋆ . Taking into account all the facts given above, the results obtained by Ishikawa et al. [23] are important, because it proves for the first time the impossibility of full description the H 5 S 2 superconducting state in the framework of harmonic Eliashberg formalism. Note, that even for anomalously high value of µ ⋆ , the classical Eliashberg equations allow to set thermodynamic functions of superconducting state correctly, but at the phenomenological level [3, 41] . For this reason, the Eliashberg equations have been solved for the temperature range from T 0 = 5 K to T C = 36 K, and the thermodynamics of H 5 S 2 system has been discussed thoroughly.
B. The order parameter and the electron effective mass Fig. 2 presents the plot of the dependence of order parameter for the first Matsubara frequency on the temperature. It is clearly visible that, in the low temperature range, the values of order parameter calculated with regard to the vertex corrections are much higher than the values of ∆ n=1 designated within the framework of classic Eliashberg scheme. This is the very interesting result, because the ratio v s = λω D /ε F for H 5 S 2 compound is not high (v s = 0.012) [23] . This result, with the cursory analysis, could suggest the slight influence of vertex corrections on the thermodynamic parameters. It is not, however, because it should be commemorated that v s defines only the static criterion of the impact of vertex corrections. This means that the differences observed between the results obtained in the VCEE and e ] TC = 2.19m e . When comparing the above results, we conclude that the vertex corrections have the very little effect on the value of the effective mass of electron, contrary to the situation with the order parameter.
The functions plotted in Fig. 2 can be characterized analytically by means of formulas:
and (only for the CEE scheme):
where the traditional markings were introduced:
For the order parameter, we obtained the following estimation of temperature exponent: [Γ] V CEE = 1.55 and [Γ] CEE = 3.15. Physically, this result means that in the VCEE scheme the temperature dependence of order parameter differs very much from the course anticipated by the mean-field BCS theory, where Γ BCS = 3 [42] . On the other hand, not very large deviations from the predictions of BCS theory at the level of classical Eliashberg equations can be explained by referring to the impact of retardation and strong-coupling effects on the superconducting state. In the simplest way, they are characterized by the ratio r = k B T C /ω ln , which for the H 5 S 2 compound equals 0.04. On the other hand, in the BCS limit we obtain: r = 0. Of course, in the case of the VCEE scheme, the deviations from the BCS predictions should be interpreted as the cumulative effect of vertex corrections, strong-coupling, and retardation effects influencing the superconducting state.
The very accurate values of order parameter can be calculated by referring to the equation: ∆ (T ) = Re [∆ (ω = ∆ (T ))], where the symbol ∆ (ω) denotes the order parameter determined on the real axis. The form of function ∆ (ω) should be determined using the method of the analytical extension of imaginary axis solutions [43] . The sample results have been posted in Fig. 3 , where it can be immediately noticed that the function of order parameter takes the complex values. However, for low values of frequency, only the real part of order parameter is non-zero. Physically, this means no damping effects, or equally, the endless life of Cooper pairs. Having the open form of order parameter on the real axis, we have calculated the value of ratio: R ∆ = 2∆ (0) /k B T C . The obtained result was compared with the data for other superconductors with the phonon pairing mechanism (see Fig. 4 ). It is easy to see that the result of CEE very well fits in the general trend anticipated by the classic Eliashberg formalism (R ∆ = 3.77). On the other hand, the impact of vertex corrections on the value of parameter R ∆ is strong (R ∆ = 4.85). Let us recall that the mean-field BCS theory predicts: R ∆ = 3.53 [27, 28] .
C. The free energy, thermodynamic critical field, entropy, and the specific heat jump
The thermodynamics of superconducting state is fully determined by the dependence of order parameter on the temperature. Based on the results posted in Fig. 2 , it can be seen that in the temperature area T C − T ≪ T C , the values of ∆ (T ) obtained in the framework of VCEE and CEE schemes are physically indistinguishable. This result means that the thermodynamics of superconducting state near the critical temperature can be analyzed with the help of classical Eliashberg approach without vertex corrections. The free energy difference between the superconducting and normal state has been calculated in agreement with the formula [44] :
whereas Z N m and Z S m denote respectively the wave function renormalization factor for the normal state (N ) and for the superconducting state (S).
In Figure 5 (lower panel), we have plotted the form of function ∆F (T ) /ρ(0). It can be seen that the free energy difference takes negative values in the whole temperature range up to T C . This demonstrates thermodynamic stability of superconducting phase in the compound under investigation. For the lowest temperature taken into account, it was obtained:
On the basis of the temperature dependence of free energy difference, it is relatively easy to determine the values of thermodynamic critical field (H C ), the difference in entropy (∆S) between the superconducting state and the normal state, and the specific heat difference (∆C).
The thermodynamic critical field has been calculated on the basis of formula:
We presented the obtained results in Fig. 5 (upper panel) . We see that as the temperature rises, the critical field decreases so that in T = T C its value equaled zero. Assuming for the H 5 S 2 compound the following designation H (0) = H (T = 30 K) = 8.95 meV, it is easy to see that the critical field decreases in the proportion to the square of temperature, which is well illustrated by the parabola plotted on the basis of equation [45] :
The dependence H C (T ) determined using this formula is represented by the red spheres in Fig. 5 . The difference in the entropy between the superconducting and normal state has been estimated based on the expression:
We presented the obtained results in Fig. 6 (a) . Physically increasing are the value of entropy up to T C proves the higher ordering of superconducting state in relation to the normal state. The values of ∆C have been calculated using the formula:
In addition, the specific heat of normal state is determined based on the formula:
where the Sommerfeld constant equals: γ = 2 3 π 2 (1 + λ). The influence of temperature on the specific heat in the superconducting state and the normal state has been presented in Fig. 6 (b) . The characteristic specific heat jump visible in the critical temperature is noteworthy. For the H 5 S 2 compound its value equals 75.34 meV.
The thermodynamic parameters determined allow to calculate the dimensionless ratio: R C = ∆C (T C ) /C N (T C ). As part of classic BCS theory, the quantity R C takes the universal value equal to 1.43 [27, 28] . In the case of H 5 S 2 compound, it was obtained R C = 1.69. Hence, the value of R C for H 5 S 2 apparently deviates from the predictions of BCS theory. Additionally, Fig. 7 presents the dependence of dimensionless parameter R C on r. The chart shows that the value of R C obtained for H 5 S 2 perfectly fits the general trend anticipated by the classic Eliashberg formalism.
IV. SUMMARY
We have calculated the thermodynamic parameters of superconducting state for the H 5 S 2 compound under the pressure at 112 GPa. We have solved the Eliashberg equations on the imaginary axis, both including the first-order vertex corrections to the electron-phonon interaction, as well as without vertex corrections. For both cases, we have obtained anomalously high values ⋆ proves that this parameter cannot be associated only with the depairing Coulomb correlations -in principle, it should be treated as the effective parameter of fitting the model to experimental data. In our opinion, the reason causing such the high Coulomb pseudopotential is the failure to include the anharmonics of phonons and the non-linear terms of electron-phonon interaction.
It should be emphasized that, despite anomalously high values of µ ⋆ , the thermodynamic parameters of superconducting state in the Eliashberg formalism have been determined correctly. We have shown that the first order vertex corrections to the electron-phonon interaction play the important role, i.e. they significantly change the thermodynamics of superconducting state in the low temperature range, while nearby T C they are practically irrelevant. For this reason, the dimensionless parameter R ∆ in the VCEE scheme is equal to 4.85, and in the CEE scheme it equals 3.77. On the other hand, for both cases it was obtained R C = 1.693. The above values prove that the superconducting state in the H 5 S 2 compound is not the state of BCS type.
Regarding the results presented by Ishikawa et al. [23] , in respect to the Eliashberg function, it should be assumed that these are the results proving the impossibility of the full description of H 5 S 2 superconducting state in the harmonic limit. In the future, the spectral function should be determined also taking into account the anharmonic and nonlinear electron-phonon contributions. The spectral function calculated in such way should be the input parameter to the modified Eliashberg equations. We are currently working on deriving appropriately generalized equations.
